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On the Thesis of Zhomart Onerbek

«The boundedness and compactness of some operators in Morrey type spaces
with variable exponents»

presented for the degree Doctor of Philosophy (PhD),

speciality 6D060100 — «Mathematics» :

In this dissertation work, the questions of the boundedness of classical integral
operators: the Hardy-Littlewood maximal function, the fractional-maximal function,
the Riesz potential and the Calderén-Zygmund singular integral operators and their
commutators, in general Morrey-type spaces with variable exponents, have been
considered. Such questions in the case of general Morrey-type spaces with constant
exponents GMy()6()w()(R™) have been previously considered in the works of Guliyev
V., Burenkov V.1, Gogatishvili A. and others. Questions of boundedness of the above
operators for generalized spaces of Morrey type ¢ spaces Mpoywey () witha

variable exponent p(.), have been considered be Guliyev V., Samko 8.

In this dissertation, the author introduces the definition of global Morrey-type spaces
GMp(3,00.w() (@) With variable exponents p(.), (.), where QCR™ is an unbounded domain
and studies the Boundedness of several integral operators: the maximal Hardy-
Littlewood function, the fractional-maximal function, the Riesz potential, and the
Calderén-Zygmund singular integral operators and their commutators in these spaces,

The work consists of two sections. In the first section, the author obtains conditions
on the exponents (py,p,), (6,8,) and on the weight functions (w1, W), under which
the maximum Hardy-Littlewood function , the Riesz potential, and the Calderon-
Zygmund singular integral operator are bounded from GMp, 03,61 0w () to

GMp, (3,6,()w,() For example, in Section 1,3 the following theorem was obtained.

‘Theorem. Let p(.) € ]P’igg ) and the constant number &> 0, lapl.)), =
Supxeqap(x) < n, 6,(r) and 6,(r) be measurable functions on Ry , there exists a

positive number a, such that, for all > a holds 6,(r) = 51 = const, 0,(r) =
02 =constand 1< 6, <0,(r) < 0,(r) <0, < always everywhere, p, (x) and

p2(x) satisfy the condition = ——— %, wy and wy satisfy the condition
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Then the Riesz potential % 1is bounded from G Mplt_)'gl Ow @) to
G My, (2.6:(0w2 () (V-

The second section deals with study the boundedness of the commutators of these
operators in global Morrey type spaces. For example, the author proves the following
theorem on the boundedness of the commutator of the Calderén-Zygmund singular
integral T in paragraph 2.2.

Theorem. Let p € Pf,gg () and 6,(r), 6,(r) be measurable functions on R,, such
that, there exists a positive number a, such that, for all v > a holds 6,(r) = 6, =
const, B,(r) = 6, = const and 1 < 8, < 0,(r) < 6,(r) £ 0, <  always
everywhere, . If the measurable functions w; (x,7) and w,(x,7) satisfy the condition
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then the commutator [b,T] is bounded from GMy()6, )w,)() to
GMp().6,0m2 (0 (Q) -

In addition, in Subsection 2.3 is presented the compactness conditions for sets in
generalized Morrey-type spaces with variable exponent. With its help

in Subsection 2.4, the theorem on the compactness of the commutator of the Riesz
potential in generalized Morrey-type spaces with variable exponent was obtained.

The results obtained in this thesis are continuations of earlier investigations of

V. Guliyev, Samko, J. Hasanov Mustafaev, X. Badalov and others. Overall, the
author has obtained some new and interesting results in the theory Morrey type spaces
with variable exponents in his dissertation.

Let me clarify that I could examime Zhomart Onerbek’s results by reading the
material in English language that he has submitted to me, but that I could not read the
version in Kazakh of his dissertation because I do not speak the Kazakh language. But
in all cases, I do believe that the results of Zhomart Onerbek meet all the necessary
requirements and that the candidate deserves the degree of Doctor PhD.

- Foreign supervisor

Doctor PhD, Professor at
AL
Massimo Lan%a’d‘e-e-r'

Padova, June 06/06/2022



Onepbex XKomapTTein 6D060100-“MaTeMaTHKa” MaMAaHIBLIFBI GolibIHIIA
¢punocopusi (PhD) noxkropb! aapeskecin ajay ymiH yCbIHBUIFaH

“AjliHbIMaJIbI KepceTKimTi Moppu TunTec KeHicTikTepaeri Keioip
onepaTop/iapAbIH MIeHeJIMAIri ’KoHe KOMNAaKTIIIr” auccepranusicbiHa

CBIH-IIIKIP

By nuccepranusibIK AKyMbICTa KIaCCUKaIBIK HHTErPaIIbIK OllepaTopIapAbly
IIEeKTEeYJIIririniyg Macenenepi: Xapau-JINTIUIBY D MaKCUMaabl PYHKLIHACEI,
OenmekTik-MakcuMan bl GyHKIMACEL, Pucc aneyeri, Kanbnepor-3urMmysn
CHHTYJIAPJIBIK HHTETPAIABIK OllepaTopiIapbl MEH OJIapAblH KOMMYTAaTOpPJIaphIHbIH,
JKaJIITBl aJIFaHAa alHBIMAJIB! KOPCETKITI MOppH THITEC KeHICTIKTepKapacThIPhLIIBL.

[GM] (p,0,w(.)) (R*n) KepceTKimTepiTypakThl MoppH THITEC KEHICTIKTEP
Kargaieiaaarel oceiHaail MacenenepB.C.I'ynmueBTis, B.1.BypeHKoBTEIH, A.
[oraTUIIBWIMIIH oHE Tarbl OacKanapaslH eHOeKTepiHae KapacThIphUIFaH.

Jorapelnarel KeNTIpUITreH onepaTopiapasiH p(.)alfHEIMabI
napexenepiMerMp,y () () Moppu THNTeC KaNMbLIaHFaH KEHiCTIKTepAeri
IIeHEeNTeH IiK Macelenepin KapacteipymeH B. IN'yiues, C. CaMkoaifHaTBICKaH.

By muccepranusia apTop QCR™ meHeaMereH o671bIc 60bin Tabbuateid p(.), 6(.)
aliHBIMAITBI IopexxenepiMer GMy,(y g(y,w() (Q)rmobansai Moppu TunTec KeHicTikTepi
eHri3enixoHe OipKaTap HHTETrpaIIbIK OllepaTopJIapAblH [eKTeyIUIirin: Xapau-
JINTIIBY I MaKCUMAaNAbI(YHKIUSCHIH, OelIIeK-MakcHMaIs! GyHKIUACHH, Prcc
aneyetiH xoHe KanpaepoH-3urMyH I CHHTY/IAPIIBIK HHTETPAABIK ONepaTopIapbiH
’KOHE OCBHI KEHICTIKTep/eri OlapablH KOMMYTATOpIapbIH3E€PTTEH .

XKym™meic exi 6eniMHeH Typans! . bipinun 6emimae aBTop (pq,p2), (601, 02)mepexenepi
OolibIHIIA, (W1, W, ) XKoHe caMak QyHKuusIaps! OokbiHma Xapau-JIMTiBy g
MaKCHMaJIbll OIlepaTopsl, OesIIeK-MaKCHMalbai PYHKIHUACE], PHcC moTeHIHaNE!,
KanbnepoH-3urMyH/ CHHIYJISAPIBIK HHTETPAIBIGMy, ()60, ()w, ()

KeHIiCTIriHeHG M), (.6, (), w, ()KEHICTITiHE IEKTETyiH KAMTaMackl3 ETETIH MIapTTap/bl
aJIa,I[IbI.MblcaJIbI, 1.3-6enimae Keneci TeopeMa aIbIHFaH.

Teopema. Aiitansik p(.) € P9 (), xoHe TypakThl caHa > 0, (ap(.));: =
SUpyepap(x) < n, a0, (r) ocane 6,(r) byHkunsiiapsl R, KUBIHBIHAA ©JIIIEMI]
yHKuMsIIap O0MbIN, @ OH caHbI TaOBUTEIN, OapieIKr > aymil 6, (1) = 8, = const,
6,(r) = 8, = constxonel < 6; < 8,(r) < 6,(r) < 6, < comApTTAPHI GAPIBIK



i 1 a

P2(x)  py(x)
W1KoHEW, d)yHKuHmIapLI KeJleci mapTTe KaHaraTTaHIbIPCEIH

AEPIIK XKepre OPBIHAAIICHIH, Py (X)xoHep, (x) yHKIHsTapE!

-1 s ’ f2(n)
T= sup fot (W2 (x,7))82)( et (—5“——)(910’)3 ds)E107 gy < oo, (1.3.9)
XEQ,E>0 w1(x.5)

Conna Pucc aneyeril “GM,, ().61()w, () (Q)KeHicTirinen G My, 0.6, Owa () ()
KEeHICTITiHe HIeHeNreH 6omaapl,

Exinmi GeniMue ockr OnepaTtopnapasiEMoppu TunTec KaIMbLIaHFaH KeHicTikTepaeri
IIEKTEYJILTiri 3epTTene . Mercansr, 2.2-naparpagra aBTOp Kanbaepon-3urmyn s
CHHTYJISPIBIK HHTET DA IbIK OI€PATOPBIHBIH KOMMYTaTOPBIHEIH LICHEIreH Iiri
TYPaJibl TeopeMaHbLIaTe ek i,

TeopeMa.AﬁTaﬂLn{p (2 Pf,gg (Q),6, (r)xoHed, (1) dyHKIMSIIApE] R, )KHBIHBIH/IA
OJIeMai pyHKIHsIap 00BN, @ oH caner TaObLIBIN, Gapibikr > ayuwin 0, (r) =

6, = const, 6,(r) = 6, = constxonel < 6; < 8,(r) < O.(r) <0, < OOLIapTTaphI
OapsIK meprik ’K€pae operHAanceH. Erep w1 (X, 7)KoHe W,y (x, r)enmemuni
yHKIHATapE! Keneci IIapTTEl KaHAFaTTaH/BIpCa,

= G2(r)
t wy(x,r) o] 1 ' .
SUPxeq,t>0 fo (—EE__")% @ (f; (W ))(Gl(r)) ds)P1 dr < oo .

1(x,s

oHpa [b, T]KOMM}’TaTopBIGMp(I)’g 1O, () (QxkericTirigen GMp(),6,0)m,0) ()
KEHICTiriHe menenren Oonazpl.

2.3-Gemimimene alHbIMaE ASpeXKeCiMEeHKaNIbLTaHFal Moppu Tunrec
KeHicTikTepneri JKUBIH AP OBIH, KOMIIAKTLIIr TYpaJbl TEOpeMa aJIbIHFaH.

2.4-6eniMurene aiftHbMaTLT APEeKECIMEH XKalbLIaHFan Moppu tunrec
KeHicTikTepneri Pucc QIIEYETi KOMMYTATODPBIHBIK KOMITaKTiJIir Typasl
TEOpEeMaChIaIbIHFaH,

Ockl AUCCePTalUsINa albIHFay HaTHXKenep B.I'ymueprig, C. CaMKOHBIH,
}K.XacaHOBTmH, A.MyCTad)aeBTLIH, X. Baganosreiy epTepexTeri 3epTTeynepiniy
KaIrackl GOJIbI TabbLTa L. KopsiTa Kerenze, aBTop 6y AUCCEePTaIHSITBIK



’KYMBICTa aifHBIMaJIbl JapexerepiMeH MoppH THIITeC KeHICTIKTep TeOpUACHIHA KaHa
JKOHE KBI3BIKTHI HOTIDKEIEpre KOJT KeTKi3i.

HaxTrinait keTeTiH %o, MeHiH JKoMapT OHepOeKTiH anFaH HOTHKEIEPiH 01 MaraH
YCBHIHFaH aFbUIIIBIH TUTIHIErT MaTepraiasl OKH OTBIPBIN capalaFraHbIM, ceOebi MeH
Ka3aK TLTiH OiMMereHaiKTeH, TUCCePTAIMIHbIH Ka3aK TUIIer: HYCKachlH OKH
anmManeiM. JlereaMeH, MeH JKomapT OHepOeKTiH anraH HOTHKeNepi OapibIK THICTi
Tajanrtapra cail KejaeTiHiHe ceHiMaiMiH xaHe ymiTkep PhD nokTops! nopexeciH amyra
JIAHBIKTBI eIl eCeNTeHMiH.

[leTenaix FEUTBIMHU KeHeCHII
PhD nokropsr, Degli Studi Di Padova yruBepcureTiHiH IIpogeccopsl
Maccumo Jlanza le Kpucrodopuc

[Tamys Kanacel, MayceiM, 06/06/2022 xbu1 /mep: Degli Studi Di Padova
yHugepcumemi, Mamemamuka xagheopacvi/ '

Doctor PhD, Professor at the University Degli Studi Di Padova

Massimo Lanza De Cristoforis
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Pecnyﬁ.rmxa KazaxcraH, ropon Acrana

TpHHanuaToe Jexabpsl J1Be ThICAYH OBAAIATh BTOPOTO rona

s, JKanremuposa Acenb CepuxbaeBHa, VHOTapI/I)f(C ropona AcraHa,
AeficTByloMi Ha ocHOBaHMM JHueH3un Ne0002346, BbImaHHON MHUHHCTEPCTBOM
roctuniud  Pecriy6bnuku  Kasaxcran 24  ¢espans 2009 roma, CBHAETEIBCTBYIO
NOJUTHHHOCTh IMOANKMCH mepeBoxunka JIxainayOaeBoit Anwu BepHKOBHEI, KOTOpas
clleJlaHa B MOEM IIPHCYTCTBHH. JINUHOCTP MepeBOaYHKa yCTaHOBJIeHa JeecriocoOHOCTh
H TIOJIHOMOYHS IPOBEPEHBI.
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HotapuarTuik ic-apexeTTin Giperedl HeMipi / YH1KaAbHLIA HOMEP HOTaPHaNbHOrO AeiCTBHA



MpowkypgsiHo
NpoHymep|)B,'HO Ha ?._

wo®
&

Hadag 13U

d Hunuioo
VEWN




